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Abstract~As a first step towards the design of a high frequency, high force, large strain shape
memory alloy (SMA) actuator, we model, in this work a thermoelectrically cooled thin SMA layer
extensional actuator. The SMA is subjected to cyclic phase transition between the martensitic and
austenitic phases by alternate heating/cooling, achieved with the thermoelectric Peltier effect of a
pair of P/N semiconductors. The effect of a variable actuating load and a constant load applied as
boundary conditions, on the SMA actuator, are considered. The thermomechanical boundary value
problem involves strongly coupled thermal and mechanical fields. The evolution equations for the
field variables are integrated using the fourth-order Runge-Kutta method and the coupling between
the fields is accounted for by implementing an iterative scheme. The primary parameters of interest
in this work are the frequency response and evolution of the variable load. The performance of the
actuator is compared with various commercially available actuators based on energy conversion
efficiencies and energy output per unit volume of active material. Results of the analysis indicate
that thin SMA layers ("" 6 J.I thick) under partial phase transformation are capable of delivering
frequencies of about 30 Hz at peak stresses of about 145 MPa. © 1997 Elsevier Science Ltd.

1. INTRODUCTION

An important issue related to the dynamic response of structures is the suppression of
undesirable vibrations. This has motivated the study of high frequency, low force, low
strain actuators using piezoelectrics, magnetostrictive or ferroelectric materials [Takagi
(1990); Wada et al. (1990); Giurgiutiu et al. (1995)]. Of more recent origin is the study of
certain large strain actuators which rely on the unique solid-solid phase transformation of
shape memory alloys (SMA) [Wayman (1983)]. The phase tmnsformation is highly sensitive
to an applied thermomechanical loading and if the imposed stresses are reasonably high,
significant deformations can be generated. For example, the corresponding actuation forces
and deformations are at least two orders ofmagnitude higher than piezoelectrics. The shape
memory effect is most significant in ~itinol, which is composed of 50 at.wt% each of Nickel
(Ni) and Titanium (Ti) (or 55 and 45% by weight of Ni and Ti), respectively.

The phase transformation in a Ni-Ti SMA is accompanied by a significant exchange
of latent heat with the environment. The rate of the transformation is controlled solely by
the time rate of heat transfer between the SMA and its environment. Conventional heat
exchange mechanisms of resistive heating and forced convection cooling are slow and,
he'lce, lead to a low frequency response for SMA actuators [Bo and Lagoudas (1994)]. A
novel idea to increase the frequency of a SMA actuator was put forth by Lagoudas and
Kinra (1993). They proposed to employ the heat transfer due to the thermoelectric Peltier
effect [Domenciali (1954)] which occurs between the junction of dissimilar metals due to
the flow of electric current. Depending on the current direction, one junction becomes cold
and the other becomes hot. They suggested that the SMA be used directly as one of the
junctions, which can then be heated or cooled by alternating the current direction.

t Currently at: Department of Mechanical Engineering, 4-9 Mechanical Engineering Building, University
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Fig. I. Schematic diagram of a thin layer extensional SMA actuator with P and N semiconductor
thermoelectric elements.

To demonstrate this principle, consider a simple SMA actuator shown in Fig. 1. A
thin plate of SMA is used as a junction by sandwiching it between a pair oI'positively doped
(P) and negatively doped (N) semiconductors. The other junction can be collectively
represented by heat sinks (not shown) positioned at the ends of the P and N. If the SMA
layer is mechanically constrained at the sides and the phase transformation is triggered on
heating, an actuating stress, aCt), is produced.

Historically, thermoelectric coolers have been used primarily as refrigerators and thus,
it was their steady-state cooling capability that was of interest. Recently, Thrasher et
al. (1992) have theoretically addressed some issues related to the study of the transient
thermoelectric phenomenon; a comprehensive study, however, appeared to be lacking. This
prompted Bhattacharyya et at. (1995) to extensively study the transient thermoelectric
problem in absence of actuation (no mechanical constraints on the SMA) for the con­
figuration shown in Fig. 1. They assumed that the temperature field is one-dimensional
(along the z-axis) and found that, due to the high thermal diffusivity of a Ni~Ti SMA, the
temperature gradients in a thin SMA layer are negligible. With a view to investigating
periodic solutions of thermal cycling (alternate heating and cooling), Lagoudas and Ding
(1995) reexamined the same problem by assuming, at the outset, a one-dimensional (I-D)
temperature field in the PIN elements and a uniform temperature field in the SMA. In this
paper, we extend their study to the issue of the thermoelectromechanical response where
the actuator depicted in Fig. 1 is subjected to a mechanical load boundary condition. The
semiconductors are assumed to be stress-free, whereas the stress state in the SMA is taken
to be uniaxial (along the x-direction).

It is assumed that the SMA is thermoelastic. There are several constitutive models
which have been proposed to characterize the thermomechanical response of a poly­
crystalline SMA during phase transformation. A non-exclusive list is the work of Tanaka
(1986), Patoor et al. (1987), Liang and Rogers (1990, 1991), Sun and Hwang (1993a, b).
Recently, Boyd and Lagoudas (1996) proposed a phenomenological thermodynamic theory
modeling an idealized SMA response. Lagoudas et al. (1996) extended it to model the
gradual transformation of SMA polycrystals. We shall use the latter in this work. The
resulting actuation stress aCt) of the actuator and its frequency response are the primary
parameters of interest. The frequency range studied is moderate enough so that inertial
effects can be neglected. Another issue of interest is the coupling between the thermal and
mechanical fields in the SMA during the phase transformation.

The outline of this paper is as follows. Section 2 presents the general thermo­
electromechanical governing equations. Section 3 presents the thermomechanical
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boundary value problem for the SMA layer, whereas Section 4 gives the thermoelectric
boundary value problem for the PIN semiconductors. Section 5 summarizes the ther­
moelectromechanical equations pertaining to the system depicted in Fig. 1, Section 6
presents the results of a parametric study and is followed by Section 7 on the conclusions.

The scientific notation used in the text will be now described. Vectors will be denoted
with a bold face, lower case Latin letter (except for the symbolic vector operator del, V) ;
the symbol D will be reserved for a unit vector. The scalar product of two vectors, x and D,

is denoted by x· D and it has the evaluation xjn i in terms of components where indicial
notation has been used and the Einstein summation convention is implied. On the other
hand, their tensor product is denoted x ® D, or in indicial notation as xjnj , resulting in a
second-order tensor. The magnitude ofa vector, x, will be denoted as Ixl = (x' X)1/2. Second­
order tensors will be denoted with a bold face, lower case Greek letter and fourth-order
tensors will be denoted with an upper case, bold face Latin letter. The trace of a second­
order tensor, a, is denoted tr(a) and in indicial notation is given by (Ju. The product of a
with a vector v is av, or in indicial notation (Jljvj , The product of two second-order tensors,
a and )., is denoted a). and its evaluation in indicial notation is (JikAkj' Their scalar product
is defined as a:). = tr(a).T) (superscript T indicates transpose). The tensor product of the
two second-order tensors is denoted a ® )., or in components as (Jj/kl, resulting in a fourth­
order tensor. Where the inverse of a quantity, .91, exists, it will be denoted as .91- 1 and the
material derivative will be denoted as sit or dd/dt. The material time derivative is related
to the partial time derivative od/ot through the relation (dd/dt) = (od/ot)+(v'grad)d
where v is the velocity vector. While the indicial notation has been used in describing the
mathematical notation, the various tensor operations in the text will be described solely by
symbolic manipulation of the vector and tensor quantities.

2. THE THERMOELECTROMECHANICAL GOVERNING EQUATIONS

2.1. The conservation laws
Consider a given mass of the material occupying instantaneously a volume V sur­

rounded by the surface S. We shall assume that body forces are negligible and ignore
inertial effects (implying that the frequency of actuation is moderate; we shall address this
issue in Section 6.2 on "Parametric studies"). For a particle occupying the position x in V
at time t, the equations of motion, resulting from the conservation of linear momentum,
reduce in the absence of body forces and inertial effects, to the equilibrium equations

diva = 0, (I)

where a == a(x, t) is Cauchy's stress tensor. The angular momentum is also conserved,
leading to the symmetry of the Cauchy stress tensor. We shall restrict the analysis to the
study of SMA materials for which its mass density remains unchanged as it undergoes a
phase transformation between its two crystalline phases of austenite and martensite. This
assumption is reasonable as the phase transformation in SMAs is primarily a shear process
[Delaey et al. (1974)]. The conservation of mass is then trivially satisfied.

The conservation of energy is given by

Psmait = -V'q+r+(J:il, (2)

where Psma is the mass density of the SMA material, it == it(x, t) is the specific internal energy
rate (i.e. internal energy rate per unit mass), q == q(x, t) is the energy flux vector (use of the
words "energy flux" instead of the familiar "heat flux" is relevant in the context of
thermoelectricity, to be explained later) and r == rex, t) is the heat source per unit volume.
The strain rate tensor is denoted il == il(x, t), given for small strain rates and rotations by



334 D. C. Lagoudas and A. Bhattacharyya

(3)

in terms of the rate of the displacement vector Ii == Ii(x, t) (not to be confused with the
scalar, u, used to denote the specific internal energy). This is a reasonable assumption even
for deformations during phase transformation in a polycrystalline SMA where the total
strains usually do not exceed 8% [Delaey et al. (1974)].

As we shall see later, the energy flux depends on the current density vector, j == j(x, t).
This implies the consideration of conservation of charge, stated as

aPe V· 0-+ 'J=at ' (4)

where Pe == Pe(x, t) is the net charge per unit volume. While electrical transients will occur
as a current density is applied at t = 0, it is expected that the time interval over which these
transients vanish will be infinitesimal compared to that of the transients in the thermal and
mechanical fields. Based on this observation, also made by Lagoudas and Ding (1995), we
shall assume that aPe/at = 0. We then have

V'j = 0. (5)

2.2. Thermoelectromechanical constitutive equations

2.2.1. The shape memory alloy. The thermomechanical constitutive response of the
SMA is given in the rate form by

(6)

where 8, i;el, i;th and i;t are the rates of the total strain, elastic strain, thermal strain and
inelastic strain due to phase transformation, respectively. The fourth-order effective elastic
compliance tensor of the polycrystalline SMA material is denoted as M and will be defined
in eqn (9) below.

The thermal and inelastic strain rates are [Boyd and Lagoudas (1995)]

(7)

where octh is the coefficient of thermal expansion second-order tensor, T is the temperature,
I1T = T - To with To being a reference temperature and the second-order tensor l defines
the "direction" in which the inelastic strains develop during the phase transformation. The
constituent phases ofaustenite (A) and martensite (M) for polycrystalline SMA are assumed
to have isotropic compliances and coefficient of thermal expansion tensors. Therefore,

(8)

where E;, Vi and:x)h are the Young's modulus, Poisson's ratio and the coefficient of thermal
expansion, respectively for the ith phase. I and ~ are the fourth and second-order identity
tensors, respectively.

For simplicity, the corresponding effective properties of the SMA are approximated
by the rule of mixtures as [Boyd and Lagoudas (1996)]

(9)

where 11M = MM - MA and l10cth = oc~ -- oc~. A comparison with the Mori-Tanaka aver­
aging scheme, as discussed by Boyd and Lagoudas (1996) for a polycrystalline SMA has
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shown that the above approximation is adequate. The tensor A is assumed to have the
following representation during the A --+ M transformation [Boyd and Lagoudas (1996)]

. 3 1 ,
J, = -2H-(1, ~. > 0,

(Je
(10)

where H is the maximum uniaxial transformation strain and (Je = ((3j2) (1': (1')1/2,
(1' = (1- (1j3) tr((1)(j. We denote the total inelastic phase transformation strain at the end
of the A --+ M transformation parametrically as et

•
pre (transformation strain due to pre­

strain); note that the value of this tensor will depend on the extent to which the A --+

M transformation (i.e. partial or full transformation) has taken place in the previous
transformation cycle. The tensor;' for the M --+ A transformation may now be defined

(11)

where, we define B~,pre = ((2j3)el,pre : el,pre) ti2. It is pointed out at this stage that when numeri­
cal results on cyclic phase transformation are presented in Section 6, the afore-mentioned
convention of determining the parametric tensor el,pre will be used; we shall not refer to this
tensor again in the remainder of the text.

The evolution of the volume fraction of martensite ~ is given by [Boyd and Lagoudas
(1995)]

. [! 8LlU(OJ-
t

• •
~ = \j P,ma ------ar- (t/JT+ p: (1),

where t/J == t/J(~), P == pee, (1,1'). The explicit forms of t/J and pare

(12)

(13)

In the above expressions Lls = SM-SA and Llu(O = UM(e)-UA(~); S, is the average specific
entropy and u,(O is the internal energy of the ith phase at the reference state that corresponds
to (1 = 0 and l' = To.

Equations (7), (8) and (12) in eqn (6) result in

(14)

where M T is the tangent compliance fourth-order tensor and a.¥, is the tangent coefficient
of thermal expansion second-order tensor during the transformation. These are given by

MT == MT(e, (1, T) = M(~) +P(~, (1,1') ® P(~, (1,1'),

a.¥, == a.¥,(~,(1, 1') = a.th(~)+t/J(~)P(~,(J, 1'), ~ #- O. (15)

In absence of transformation (i.e. ~ = 0), we set P(~, (1, T) = 0 and t/J(~) = 0 in the above
expressions.

During phase transformation, eqn (2) becomes [Boyd and Lagoudas (1995)]

- V .q+ r = ct+ Ta.1h
: it + 'Y~', (16)

where for simplicity, the effective heat capacity, C, is given by the rule of mixtures [Boyd
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and Lagoudas (1995)] as C == C(~) = CA +~(CM - CA ) and Ci is the effective heat capacity
of the ith phase. Note that in absence of phase transformation, i.e. ~ = 0, the conservation
of energy eqn (16) reduces to the well-known form for a thermoelastic material [Boley and
Weiner (1960)]. It is known that the thermoelastic coupling term, Ta.th

: if, is negligibly small
during quasistatic mechanical loading [Boley and Weiner (1960)]. With phase trans­
formation, however, additional thermomechanical coupling terms are introduced through
the term }'~ (as ~ is dependent on t and if; see eqn (12». We shall investigate this coupling
in Section 5.4. The parameter, }', in eqn (16), is given by

1'(0", T) = TO": tlocth +PsmatlsT- II, (17)

where II is the thermodynamic driving force for the phase transformation and is given by

During the phase transformation, II attains the material threshold value Y

II = ± Y for ~ ~ 0, Y> O.

(18)

(19)

The method of determination of the parameters Psmatls, PsmaLlu(~) in eqn (13) and Yin eqn
(19) from experiments are given in Section Al of the Appendix.

2.2.2. Thermoelectric materials. There is no phase transformation involved in a ther­
moelectric material. Thus, eqn (2) simply becomes the heat conduction equation [Boley
and Weiner (1960)]

-V'q+r = ct, (20)

for a stress-free material (we shall return to this point in Section 4.1).
In order to give the constitutive equations of thermoelectricity, we start with the

definition of the energy flux vector [Domenciali (1954)]

where the vectors qth and qel are the thermal and electrical components of the energy flux
vector respectively. The former is taken to relate to the temperature gradient through the
Fourier law of heat conduction. K is the second-order tensor of thermal conductivity and
a. is the second-order tensor of Seebeck coefficients (representing the phenomenon of
thermoelectricity). We point out that the temperature T used in the statement of qel is in
degrees Kelvin, as required by the theory of thermoelectricity [Domenciali (1954)]; qo is
the particle charge and p. is the electrochemical potential. The electrical current density, j,
is [Domenciali (1954)]

(22)

where p is the second-order tensor of electrical resistivity, Vp. = Vj1-Qce, where j1 is the
chemical potential and e is the electric field vector. Note that using eqn (21), the term 'V"q
in eqn (20) becomes
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1
- V' q = ,,:(V ® VT) +div,,' VT--exTVT' j- (ex: V ® j)T-- (divexT • j)T- ~(Vji' j- jiV' j).

qc

(23)

Of particular interest to this analysis is an isotropic, homogeneous material for which
the heat conduction equation is simplified considerably. For an isotropic material,

p = pi, ,,= Ki, ex = cd. (24)

If these properties are assumed to be spatially uniform and insensitive to temperature
variations, then

Vp = 0, VK = 0, Vex = O. (25)

With equations (24) and (25), div" = VI( = 0, divexT = Vex = O. These simplifications, along
with eqns (5) and (22), result in

(26)

It is seen that the Joule term, pljl2, has emerged as a part of - V' q. The parameter r in eqn
(16) is then interpreted as collectively representing all heat sources except Joule heating. In
the next section, the thermomechanical boundary value problem (BVP) for the SMA layer
is presented.

3. THE THERMOMECHANICAL BOUNDARY VALUE PROBLEM FOR THE THIN SMA
LAYER

For convenience, we present the mechanical BVP and the thermal BVP separately in
Sections 3.1 and 3.2 respectively. In either case, as the corresponding conservation laws (i.e.
governing equations) have been already introduced in Section 2.1, the relevant boundary
conditions and assumptions to simplify the problem will now be presented.

3.1. The mechanical boundary value problem
Based on the specific geometry of the thin SMA layer depicted in Fig. 1, we assume

the following boundary conditions based on a cartesian coordinate system with its origin
at the center of the SMA layer.

w
u· n = us(t), San dA = ks(<'>o -- Us (t))n at x = ±"2' (27)

b
an = 0 at y' = + ­- 2' (28)

where the vector n is taken as the outward unit normal to the surface of the SMA; b, d and
ware the dimensions of the SMA, as indicated in Fig. 1. The first two conditions of the
above represent a spring loaded boundary condition at x ,= ± (wI2), u,(t) is assumed to be
spatially uniform, the spring has a stiffness ks and an initial stretch <'>0' The remaining
surfaces are taken to be traction-free and thus includes the assumption of a frictionless
interface between the PIN. The temperature and the martensitic volume fraction are taken
as initially uniform in the SMA layer

T = To and ~ = ¢o at t == O.

We shall also assume that the initial thermal and inelastic strains are

(29)
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elh = 0 and el= 0 at t = O. (30)

Denoting (Jxx as the normal component of (J in the x-direction, it is seen that the following
uniaxial stress field

(31)

with all other components of a being zero, satisfies the equilibrium eqn (1) and the traction­
free boundary conditions of eqn (28).

At this point, we make a simplifying assumption that the temperature field is spatially
uniform in the SMA layer

T =- T(t). (32)

The rationale behind the above assumption will be discussed in Section 3.2 on "The thermal
boundary value problem". With the latter of eqn (29) and eqns (31) and (32), it can be
easily inferred from eqn (12) that ~ =- ((y, Z.o t). This in turn implies from eqn (15) that MT

and OCT, like (Jxx' are independent of x and as a consequence, we conclude from eqn (14)
that t == t(y, z, t). Therefore, in absence of rigid body motion,

(33)

following from eqn (3) ; Ux is the rate of displacement of a particle in the x-direction and
6xx is the normal component of the strain rate, t, in the x-direction. With the first of eqn
(27) (recall the assumption that us(t) is spatially uniform), we note that us(t) (= 6xx ( w/2)
from eqn (33)) will be spatially uniform only if 6xx is; thus by eqn (14), a (or its sole
nonvanishing component axJ will necessarily have to be spatially uniform. The resulting
uniaxial stress field is denoted as

The above solution, applied to the second of eqn (27), results in

k s
aCt) = biJo -us(t)).

(34)

(35)

We now note that since both state variables, T(t) and aCt), are spatially uniform, so is ,;(t)
(inferred from eqn (12) and the second of eqn (29)). The preceding conclusions also imply
the spatial uniformity of t by eqn (14) using which, with (33) and the rate form of eqn (35),
we have

where

and

act) = s(~, (J, T)T(t),

y [2bd ET(~' (J, T) ]-1 lh
s(c;, a, T) = - ---;- k

s
+ 1 ET(~' (J, T)r:t.T (~, a, T),

(36)

(37)

E(O is the effective Young's modulus of the SMA layer and f3(~,a,T) is the normal
component of the tensor p((,a, T) in the x-direction.
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Thus, among the three state variables, (, a and T, the evolution of the first two are
given by eqns (12) and (36), respectively. Evolution of the temperature field will follow
from the conservation of energy for the SMA layer, to be given next in Section 3.2.

Before we go on to the next section, we note that the initial values of the state variables
are needed along with their evolution equations to compute their total values at a time t.
While these have been prescribed for T and ( by eqn (29), the initial value of stress, a(O),
will follow from the boundary conditions of eqns (27) and (28) and the solution given by
(34), respectively. At t = 0, using eqn (6) for purely elastic behavior and with eqn (30), we
obtain

1
1'(0) = £«(0) a(O), (38)

where the spatially uniform normal components I'm of iJ in the x-direction is denoted as
set). Combining the above with the total form of eqn (33) and the second of eqn (27), we
have

kJ)o
a(O) = ----.

kw
bd+ 2~(0)

(39)

3.2. The thermal boundary value problem
We now recall eqn (32), wherein we made the assumption of an uniform temperature

field in the SMA thin layer (thickness of the order of mm). This assumption has its origin
in the transient thermoelectric problem addressed by Bhattacharyya et al. (1995) in absence
of actuation forces where a I-D variation (along the z-axis) of temperature in the P/SMA/N
geometry of Fig. 1 was assumed. The assumption of a I-D temperature field was verified
by the finite element method and was found to be an excellent one. The method ofseparation
of variables was invoked to solve the I-D problem analytically. It was found that, as a
consequence of the high thermal diffusivity of a Ni-Ti SMA, the temperature field was
virtually uniform in the SMA layer. Lagoudas and Ding (1995), in an effort to find periodic
solutions of a cyclic thermal field, addressed the same problem, but assumed an uniform
temperature field in the SMA at the outset. The analytical solution resulted in an integro­
differential equation for the SMA temperature which they solved by a finite difference
scheme. Prompted by these considerations, we also assume an uniform temperature field in
the SMA; our formulation then is an extension of Lagoudas and Ding's (1995) work to
the thermoelectromechanical case.

We assume that the electric current density vector is directed along the z-direction,
such that

j = J(t)nz • (40)

The portion of the surface of the SMA in interfacial contact with the P/N elements is
defined as SI; the remainder of the surface is denoted as SE. The thermal boundary condition
on SI is defined as

qth' n = q
d

on Sf = ± 2' (41)

where the heat flux q will come from the interface condition between the SMA and P/N
and will be made explicit in Section 4. A convective boundary condition is specified for the
remaining surfaces of the SMA. Therefore,
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(42)

where h is the convection coefficient and To is the ambient temperature. Note that the initial
condition for the temperature is given by the first of eqn (29).

We now write eqn (16) along with eqn (26) in an integral form and use eqns (32), (36),
(42) and (40), to get

--f- r qdS-2h(~+~)(T(t)-To)+PJ(t)2
sma JSI W

{ [ raAU(~)J-1
= C(~) +((0", T) VPsma~ l/JW

[
Ih [ ~ aAuWJ- 1 J y } •+ Co( (OT(t)+}"(O",T) VPsma~- f3(~,O",T) s(c;,O",T) T(t) , (43)

where the volume of the SMA layer is denoted as Vsma and the joule heating is accounted
for by setting r = pJ(t)2 in eqn (16), where P is the resistivity of the SMA. We now have
three evolution equations for the state variables, ~, 0" and T given by eqns (12), (36) and
(43) and these can be solved once the heat flux q in eqn (43) is specified. This is done in
Section 4 next. We point out here that all quantities pertaining to the SMA have been
denoted without any subscripts (except its density Psm., volume, Vsma and mass, M sma )' In
the next section where the thermoelectric problem for the P/N semiconductors will be
discussed, all quantities pertaining to the P/N semiconductors will be labeled with the
subscript P or N, respectively. For simplicity, we shall assume that the motion is quasistatic,
such that the velocity vector v = 0 and implying t(t) = (aT/8t)(t) (refer to last paragraph,
Section 1).

4. THE THERMOELECTRIC BOUNDARY VALUE PROBLEM FOR THE
SEMICONDUCTORS

As in the previous section for the SMA layer, we first present the boundary conditions
for the semiconductors and certain relevant assumptions. Any simplification in the con­
servation laws, already presented in Section 2.2, will then be discussed. We shall assume
that the tractions are continuous at the interfaces of the SMA with P/N. Thus, by eqn (28),
we conclude that the interface is traction-free. Assuming that the remaining surfaces of the
P/N elements are also traction-free, the mechanical boundary conditions for P/N become

O'n = 0 on Sj (i = P,N), (44)

where Si is the surface bounding the ith phase. The solution for the stress field in the P/N
elements then follows simply as

0' = O. (45)

The temperature and the current density vector are taken to be unidirectional (along
the z-axis) [Bhattacharyya et al. (1995), see the discussion at the beginning of Section 3.2].
These conditions are summarized as

T = T;(z, t) and j = J(t)n, (i = P, N).

An isothermal boundary condition is assumed at the end surfaces

(46)
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(47)

The interfaces between the SMA with P and N are taken to be thermally perfect, so that
the temperature and the energy flux are continuous. These are stated, respectively, as

where 0 is an outward unit normal on the surface of PIN elements. We shall use the latter
boundary condition shortly to give a discussion of the Peltier effect. A convective boundary
condition is assumed for the remaining surfaces

The initial condition for the temperature is taken as

T;(z,O) = To (i = P, N).

The conservation of energy equation will follow from eqn (20) and eqn (26) as

(49)

(50)

(51)

The convection boundary condition given by eqn (49) for the ith element is included
approximately as a source term [refer Bhattacharyya et al. (1995)]; thus r = -2h
«(I/b) + (I/w» (T;(z, t) - To). In addition, using eqn (46), eqn (51) then becomes

a
2

T; 2 (1 I)_ aT;.
K i-(z, t) +p;l(t) - 2h -b + - (Ti(z, t) - To) = c'-a(z, t), (I = P, N),

az2 w t
t > 0, (52)

where K;, Pi and C; are the thermal conductivity, the electrical resistivity and the heat
capacity of the ith element, respectively. We remind readers that the material time derivative
t; in eqn (51) reduces to the partial time derivative (aT,j13t)(z, t) in eqn (52) as the F/N
elements are static.

We now give a discussion of the Peltier effect based on the interface condition for the
energy flux, given by the latter of eqn (48). Starting with the SMA/p interface and assuming,
i.e. jl = jlp [Bhattacharyya et al. (1995)], the second of eqn (48) with eqn (21) is written for
the SMA/P interface as

(53)

where 0 = - Oz. The Seebeck coefficients of the P and SMA are ctp and ct, respectively. The
jump in the heat flux, denoted by eqn (53), represents the thermoelectric Peltier effect. Note
that this effect is driven by the electric current and influences the temperature gradients.
This is exactly opposite to the thermoelectric Seebeck effect, based on which thermocouples
operate. In this latter case, if the junctions between two dissimilar metals forming a closed
circuit are maintained at two different temperatures, an electric current will flow. Both
effects are controlled by the same parameter, i.e. the Seebeck coefficient [Harman and
Honig (1967)].

Returning to eqn (53), the jump in the heat flux indicates that the Peltier effect has
manifested itself as a heat source/sink at the interface. For commercially available bismuth
telluride (Bi-Te) semiconductors, ctp = 2.15 X 10-4 V K -1 [Meleor (1992)], whereas
ct = 1.2 X 10- 5 V K -I [Jackson et al. (1972)] for a Ni-Ti SMA and ctp-IX > O. We note that
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T(t) has to be in absolute units [Domenciali (1954)], i.e. T(t) ~ 0 for t ~ O. Examining the
right-hand side of eqn (53), it is clear that when the current density vector is directed from
the N to the P (j' Dz > 0), we have (qth _q~h). Dz > O. This implies that the heat lost by the
SMA at the SMAjP interface is in excess of that which is conducted into the P. The
difference, for the chosen current direction, represents the Peltier effect acting as a heat sink
at the SMA/P interface. Should the current density be reversed, it is easy to deduce that
the Peltier effect now acts as a heat source.

Let us now consider the situation at the SMA/N interface. With eqn (21), the latter of
eqn (48) is written for this interface as

(54)

where D = Dz and assuming p. = p.n- For Bi-Te semiconductors rxn = -rxp [Meleor (1992)];
thus rxn - rx < O. From the above equation, we see that if the current is directed from the N
to the P (j' Dz > 0), then (qth - q~h). Dz < O. Thus, at the SMA/N interface, heat lost by the
SMA is in excess of that which is conducted into the N. Therefore, the Peltier effect at this
interface has a similar effect as at the SMA/P interface for the same current direction, i.e.
it acts as a heat sink. When the current is reversed (P to N), the effect is opposite, but again
similar at both interfaces, i.e. the Peltier effi~ct acts as a heat source at both interfaces.

We note that when the current is directed from the N to the P, the heat lost to the
Peltier heat sink at both interfaces has the potential to cool the SMA inspite of the fact that
electrical current is being passed through the SMA (providing a Joule heat source). It was
shown by Bhattacharyya et al. (1995) in their theoretical predictions and comparisons with
experiments, that for a moderate current density and with a given geometry of P/SMA/N,
the SMA can be indeed cooled by passing the current from the N to the P. The theoretical
predictions however show that there is a critical current density above which it is not
possible to cool the material [Lagoudas and Ding (J 995)] due to a substantial increase of
Joule heating. If, however, the current was directed from P to N, the Peltier heat source
reinforces the Joule heating; thus, for this current direction, heating occurs at all current
densities. While semiconductors of various metals/alloys are available, commercially avail­
able Bi-Te has one of the highest magnitudes of rx p and rxn around room temperature and,
thus, are capable of delivering the maximum thermoelectric effect (maximum hea­
ting/cooling) [Harman and Honig (1967); Pollock (1991)]

Bhattacharyya et al. (1995) and Lagoudas and Ding (1995) invoked symmetry con­
siderations based on certain assumptions to simplify the mathematical problem. We shall
do the same. The assumptions are listed below.
(1) All material properties of the P and N Bi-Te semiconductors are assumed identical
[Meleor (1992)] except for their Seebeck coefficients which have equal magnitudes, but
opposite signs. Thus,

(55)

(2) Since for Bi-Te semiconductors and Ni-Ti SMAs, rxp = - rxn ::::; 18rx, we assume

The above assumption has been tested in a finite element computation of the ther­
moelectric problem. With the values of the Seebeck coefficients for P/SMA/N, the evolution
of the temperature in the SMA was computed and compared with the case when rx for the
SMA was set to zero. The difference in the computed temperature over a time evolution of
30 s was less than 0.5%. For the Seebeck coefficients of Bi-Te and Ni-Ti, the assumption
is thus a sound one.

With the above assumptions, the I-D temperature distribution is symmetrical about
the plane, z = O. This was shown analytically by Lagoudas and Ding (1995). Thus
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(56)

With eqn (56), only halfof the PjSMAjN assemblage needs to be considered. We, therefore,
shall focus on the P element only, i.e. in the remainder of the text, eqn (52) will be considered
only for the P element. We shall now combine the equations developed in Sections 3 and 4
and present them in their final form in the next section.

5. SOLUTION OF THE COUPLED THERMOELECTROMECHANICAL PROBLEM AND THE
ENERGY CONVERSION EFFICIENCY OF THE ACTUATOR

5.1. The solution of the coupled thermomechanicalproblem
Recall that the heat flux quantity q in the first term of eqn (43) needs to be specified

from the interface conditions of the SMA with PjN. With the symmetry in the temperature
field given by eqn (56), it is sufficient to derive the heat flux q (defined first in eqn (41))
either from eqn (55) or (54), respectively, with the help of the second of eqn (21) and eqn
(46). It is

(57)

Equation (43) reduces to

2[ aT (d ) ] (1 1) 0d K p c: 2,t -apT(t)J(t) -2h b+~ (T(t)-To)+pJ(t)-

{ [r CLlU(~)J- I
= CW+AO", T) -VPsma~ t/fW

(58)

The evolution eqns (12) and (36) for ~ and 0" can be solved along with the above equation
once the heat flux term, -Kp aTpjcz (dj2, t), is known. The implies that a fourth equation
is needed; it is eqn (52). (Due to the symmetry in the temperature field, we shall only
consider the equation for the P element.)

In absence ofa stress field (when only eqns (52) and (58) will remain, with s(~, 0", T) = 0
in the latter), the thermoelectromechanical problem reduces to the one addressed by Lag­
oudas and Ding (1995). They show that it is possible, due to the linearity of the thermal
problem in the P material, to derive an integro-differential equation solely in terms of the
temperature of the SMA; the derived equation does not involve the temperature field of
the PjN elements. They solved the equation by the finite difference scheme.

For the current problem, the methodology of Lagoudas and Ding (1995) is used to
derive the following differential equation from eqns (52) and (58)

dT
Cit(t) = S(t) - VI T(t) . t > 0, (59)

where the temperature of the SMA, T(t), can be solved from the above equation (and with
the initial condition, given by the first of eqn (29)) once S(t) is found from the solution of
the integro-differential equation
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The parameters G(t), f1(~, a, T), v2(t), VI and F(t) are given in the Appendix. Note that the
coupling parameter yea, T) enters into eqn (60) through the expression for f1(~, a, T) (see
the third ofeqn (A.II) in the Appendix).

To summarize, eqns (12), (36) and (59) correspond to the evolution equation for the
martensitic volume fraction, the conservation of linear momentum and the conservation of
energy, respectively. This system of first-order nonlinear ordinary differential equations
along with the initial conditions given by eqns (29) and (39) and supplemented by eqn (60)
need to be solved for~, a and T. The computational procedure is given in Section 6.1.

5.2. Energy conversion efficiency of the actuator
Before we move into the numerical scheme, it is desirable to characterize the per­

formance of the thermoelectric SMA actuator. Normally, two different measures are used
[Giurgiutiuetal. (1995)]. These are:

(a) The energy output per unit volume of the active material which is stored in the
actuated structure (the spring in our case) during the transformation of the SMA from
martensite into austenite during heating. If the transformation starts at t = to, the energy
stored during the transformations is given by

(61)

In case of a very compliant spring (i.e. implying a constant load boundary condition) with
some initial stress, eqn (61) is the work done per unit volume of the active material in
displacing a constant load during the M -> A transformation by heating.

(b) The associated energy conversion efficiency in converting the electrical energy
input to the actuator into the energy stored in the spring during the M -+ A transformation.
This is defined as

WaC1(t)

l1(t) = we(t) _ we(to) ,
(62)

where we define We(t) as the electrical energy input per unit volume of the P/SMA/N
assembly. It is given as

(63)

where V is the volume of the P/SMA/N assembly. Using eqn (22), the assumption Vp = 0
in the P/SMA/N and the last of eqn (24), eqn (63) becomes

(64)

where

(65)
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At this point, we note that a thermoelectric device has been historically used as a
refrigerator and to characterize its performance, the definition of "Coefficient of per­
formance" (COP) [Nag (1981)] has been used. We shall now provide a point of contact
between the notion of actuator efficiency and the COP of a thermoelectric device.

Whenever a thermoelectric device has been used as a refrigerator, its steady state
"cooling" capability has been of interest and the COP has been defined in that context. In
our case, it is the transient heat transfer that we are interested in; moreover the ther­
moelectric device is not only being used as a refrigerator but also as a heat pump. As we
compute the efficiency of the actuator when the device is being used as a heat pump, we
shall define the COP in the context of transient heating only. The COP is defined as

COP(t) = Msma[Q(t)-Q(to)]
. We(t) - We(to) ,

(66)

where M sma is the mass of the SMA layer and Q(t) is the specific heat input (heat input per
unit mass) into the SMA (defined in eqn (67». The numerator in the above equation
represents the total thermal energy brought into the SMA layer at a temperature T(t) (with
the heat sinks at To) during the transformation. Q(t) is

Q(t) = I Q(r) dr,

where Q(t) follows from the right-hand side of eqn (43) as

. I { [ r- a!1U(~)J-l e

Q(t) = Psma em +'}'(O", T) ~ Psm. ar- 1jJ(C;)

[
th [ ~(~)J-I ] } .+ IY. (~)T(t)+y(O", T) ~ Psmaar- f3(~,0", T) s(~,O", T) T(t).

(67)

(68)

The COP of a corresponding Carnot heat pump (i.e. the maximum attainable COP) is

[
To J-.I

COPeamot(t) = 1-- T(t)

With eqns (66) and (69), we can write eqn (62) as

waet(t) COP(t) P
YJ(t) = Msma[Q(t)- Q(to)] x COPeamot(t) X CO eamot(t).

(69)

(70)

Recognizing waet(t)/(Msma[Q(t) - Q(to)]) = YJsma(t) as the efficiency by which the SMA layer
converts heat into work and COP(t)/COPeamotU) = COPrel(t) as the COP of the ther­
moelectric device relative to a Carnot device, we then have

(71)

In addition, it is reasonable to identify YJsma(t) x COPeamot(t) = YJeamot(t) as the efficiency of
the SMA layer when operated with a Carnot heat pump. Thus,

YJ(t) = YJeamot(t) x COPrel(t). (72)

Therefore, YJeamot(t) is the maximum attainable efficiency of the actuator, whereas the
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efficiency, !J(t), of the "real" actuator is controlled by the COPre1(t) of the thermoelectric
device.

5.3. Resume of the nondimensionalized solUTion
While the theoretical development was based on dimensional quantities, it is preferable

to present the numerical results in a nondimensional form. We, thus, obtain the non­
dimensional counterparts of physical quantities by the application of the Buckingham n
theorem [Buckingham (1914)], which are listed below. Note that for the thermoelectric
problem, the relevant nondimensional groups were originally introduced by Bhattacharyya
et at. (1995).

Normalized absolute temperature t = T/To-l; normalized stress 0' = a/EM;
normalized time 7 = t(Cpd~/Kp)-l; normalized convection coefficient h- = 2h((1/b) +
(1/W))d~/Kp; normalized current J = JdpJpp/(KpTo); normalized Seebeck coefficient

f p = Ct.pJ To/(Kpp p); normalized coefficient of thermal expansion 'X = Ct.To;normalized stress
influence coefficient 15 = D/(EM To) ; thermomechanical coupling coefficient ETC = e/(ToCp) ;

normalized spring stiffness ks = ks/(EMw); normalized initial stress 0'(0) = a(O)/EM; rela­
tive-heat capacity ofSMA C = C/Cp ; relative resistivity of SMA P = p/pp ; relative Young's
modulus of SMA E = E/EM ; relative dimensions of the SMA and the PIN

d = dlw b = blw d = d Iw
I , I' P pl' (73)

Using the nondimensional groups listed in eqn (73), we present a resume of the final
set of equations and the associated initial conditions, all in a nondimensionalized form.
Equation (36) for the conservation of linear momentum in the SMA reduces to

where

_ ET(~' a, t)fT(~' a, t)
s(~,a,T)=-2V E("-fto. '

sma -: r;, a, 1) + 1

k,

(74)

(75)

where ET(~'O" t) = ET(~,a, T)/EM, 'XT(~'O" t) = TOCt.T(~' a, T) and the normalized volume
of the SMA is Vsma = Gd. Equation (12), corresponding to the evolution equation for the
volume fraction of martensite, becomes

where

- [ 8ilu(~)J- I - - - [t/J(!;) = To Psma~ t/JCO and f3(~, a, T) = EM

(76)

8ilU(~)J-I v n

Psma~ f3(t;, a, n,

(77)

where the time derivatives of eqn (76) are with respect to the nondimensional time, 7.
Finally, eqn (59) for the conservation of energy in the SMA reduces to

~;(l) = S(l) - vdl + t(l)], 7 > 0, (78)

where S(l) = Cpd~/(KpTo)S(t) and VI is given in eqn (A12) of the Appendix. The solution
to the above differential equation can be found once the parameter S(t) is solved from the
nondimensionalized version of eqn (60), given as



Modeling of thin layer extensional thennoelectric SMA actuators 347

The parameters G(l), p(, 0-, T), v2(l), VI and P(l) are given in eqn (AI2) of the Appendix.
The initial conditions for the nondimensional stress, the martensitic volume fraction and
the nondimensional temperature, follow from eqns (29) and (39), as

()o
0'(0) = -----, «(0) = (0, T(O) = O.

Vsma I
T+ 2E(0)'

(80)

The nondimensional energy stored during the transformation follows from eqn (61) as

waCl(l) = ~k"-[0'2(t)-a2(l0)].
s

(81)

The energy efficiency (see eqn (72)) is intrinsically nondimensional, therefore,

fi(l) = '1(t). (82)

Equations (74)~(82) constitute the nondimensionalised solution.

5.4. Thermomechanical coupling
Before the issue of thermomechanical coupling during the phase transformation is

addressed, we list some typical parameters for a Ni-Ti SMA. These are [Jackson et al.
(1972)]

M~ = 23 c e, M? = IDe, A~ = 29°C, A? = 5l c e,

H a = 0.148Jmm- 3
, H = 8%, sp = 3.5,

EA = 70 X 10 3 MPa, EM = 30 X 103 MPa, VA = VM = 1/3,

(XA = 11 X 10- 6re, (XM = 6.6 X 10- 6re, (83)

where M~ and M? are the stress-free martensitic start and finish temperatures, A~ and A?
are the austenite start and finish temperatures, H a is the magnitude of the latent heat, His
the maximum uniaxial inelastic transformation strain and sp is the standard deviation of
the normal distributionp(T) defined in eqn (A6) of the Appendix. Ei and Vi are the Young's
modulus and the Poisson's ratio of the ith phase (i = A, M). With these values, we compute

D=6.187MPaoe- 1 and Y=6.93MPa, (84)

from eqn (AlO) in the Appendix. The thermoelectric properties of the SMA and the P
element are summarized in the table below. Note that the thermoelectric properties of the
N element will follow from eqn (55).

The geometric parameters are assumed to be

Table I. Material constants of SMA and semiconductor elements

2.12 X 10- 3

4.35 x 10- 3

p (n-mm)

6.3242 X 10-4

I.J 5 X 10- 2

K (1 (mm.s-K)-I)
-----------------

2.2 x 10- 2

1.63 X 10-3
1.2 X 10- 5

2.15x 10-4
SMA
P
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b = HI = 4mm, dp = 2mm, d= 0.5mm. (85)

The convection coefficient is taken as

h= lxlO- 6 J(mm2 sK)-1. (86)

The above value of h was found suitable for Bhattacharyya et al. (1995) to model free
convection conditions. The initial values of the stress, martensitic volume fraction and the
temperature are taken as

a(O) = 0, ~(O) = 1, T(O) = 297 K.

The spring stiffness and the current density are chosen as

k s = 3KNmm- 1
, J= 3Ampsmm- 2

.

(87)

(88)

Based on the above, we now give the nondimensional parameters. Note that among those
listed in eqn (73), the evolution of the nonclimensional temperature and the stress, t and
0", with the nondimensional time, T, are of interest. The parameters El, ETC and E depend on
the state variable, ~ and, hence, will follow from the solution. The remaining non­
dimensional parameters, therefore, are

h = 2.454 X 10- 3
, lip = 0.856, 15 = 6.125 X 10- 2

, C = 0.487,

P = 0.055, fi = 1, dp = 0.5, (89)

whereas

J = 0.925, 0'(0) = 0, ks = 0.025, d = 0.125. (90)

Among the nondimensional parameters, only those in eqn (90) will be treated as variable
parameters in the numerical studies, hence, their numerical values will be mentioned in the
inset of the figures. The computational scheme based on which the numerical results were
generated has been discussed in detail in Section 6.1.

In order to understand the thermomechanical coupling in the heat conduction equation
eqns (78)-(79), it is perhaps more useful to start from the nondimensional form of eqn (16)
(from which eqns (78) and (79» were derived). It is

- C.:. f\h"- V 'q+f = -E-- T+(1 + ~ )~( :iT+y~,
TC

(91)

where among the nondimensional parameters involved in the above equation, those not
listed in eqn (73) are V, q = (Cpd~/EMKp)V' q, f = (Cpd;/EMKp)r and y = y/EM; note that
the rate terms in eqn (91) are with respect to the nondimensional time. Our intention here
is to uncover the effect of the coupling term '?( Towards that end, we look at the evolution
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of t vs l and if vs l given in Fig. 2(a) and (b), respectively, for two cases: (a) the line 1
corresponds to omitting the term, y~ from eqn (91); and (b) the line 2 corresponds to
retaining the term y~. In both cases, the SMA, starting from an initially fully martensitic
condition, is heated until it is fully converted into austenite (~ = 0), following which the
current direction is reversed to cool the SMA layer until the austenite fully converts to
martensite. The effect of the phase transformation is seen to slow the heating and the
cooling process.

With the material parameters given in the beginning of this section, it can be shown
that y=y/EM=(TcrA:x+pAsoT-IT)/EM;:::: -Ha/EM, where Ha is the magnitude of the
latent heat of transformation (Ha > 0). Thus, the term y~ (or -(Ha/EM)~) represents the
latent heat exchanged during a phase transformation. When ~ < 0 (during heating), this
term acts as a heat sink and indicates the endothermic nature of the M ~ A transformation;
the effect is to slow the temperature increase, evident from a comparison of the heating
portion of curve 2 with that of curve 1 in Fig. 2(a). During the A ~ M transformation upon
cooling, the term - (Ha!EM)~ acts as a heat source and is indicative of the exothermic
nature of the A ~ M phase transformation. This results in a slower cooling process;
compare cooling portions of curves 2 and 1. These trends in the evolution rate are also
reflected in the evolution of if, in Fig. 2(b).

We also examine the issue by estimating the relative magnitudes of the terms on the
right-hand side of eqn (91). As the SMA is heated from ~ = 1 to 0 (refer the line 2 in Fig.
2(a) and (b)), the change in t and if are approximately At = 0.22 and Aif = 7.5 x 10 --3 and
the change in ~ is A~ = -1. Over the time range that this transformation has taken place,
the cumulative change in the terms on the right hand side of eqn (91), will be of the order
of (C/ETdAt, (1 + nathAif and yA~, respectively; these are estimated to be 1.979 x 10-3

,

2.99 X 10-5 and 4.93 x 10-\ respectively. It is seen then that the thermoelastic coupling
term (the second term in the list) is relatively very small whereas the heat capacity term
(the first term) and the coupling term due to phase transformation (the last term) are of
the same order of magnitude, with the latter being the more predominant one. This suggests
that while the thermoelastic coupling term may still be omitted, the one due to the phase
transformation, y~, must be retained. This has not always been the practice in the literature
where both terms have been omitted to enable decoupling of the heat conduction equation
from the mechanical problem for numerical simplicity [Brinson et al. (1995); Oberaigner
et al. (1995)].

Before closing, we further assess the relative importance of the stress rate term and the
temperature rate term constituting ~ in eqn (76). The ratio of the net evolution of each
term is of the order of -EMAif/(ToDAn; this ratio follows from eqns (77), (9lb) and the
discussion in Section A of the Appendix. Its numerical value turns out to be around -0.56.
Therefore, the temperature rate term and the stress rate term are of the same order. The
combined effect of both terms is responsible for the thermomechanical coupling during
phase transformation.

6. THE COMPUTATIONAL SCHEME AND PARAMETRIC STUDIES

6.1. The computational scheme
The system of evolution eqns (74), (76) and (78) will be solved for if, ~ and t

incrementally in time, using the fourth-order Runge-Kutta method in a nonlinear manner.
However, since the coefficients of these equations themselves depend on if, ~ and T, an
iterative procedure additionally is required at every time step. Thermomechanically coupled
problems have been addressed in the past [see Allen (1991) and Armero and Simo (1991)].
For our specific problem, we outline the numerical approach adopted. We shall first discuss
the implementation of the Runge-Kutta method and then the iterative scheme.

If Al is the duration of a time increment, we define

~n = ~(nM), an = a(nAl) and Tn = T(nAl) , (92)

for each positive integer n ; given the values ~n _ 1, ifn _ I and Tn _ I at the (n - 1)th time step,
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Fig. 2. The influence of the coupling terms on the nondimensional temperature and stress profiles.
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we need to compute the values ~m a" and T" at the nth time step. This is done by first writing
eqn (73) as

(93)

and eqn (76) as

where initially, we assign

~*=~n-l,a*=an_l and T*o=Tn_ 1 •

(94)

(95)

The temperature increment is found by integrating eqn (78) by the fourth-order Runge­
Kutta method [Numerical Recipes (1986)] ; this approach is somewhat more accurate than
the finite difference scheme used by Lagoudas and Ding (1995). Thus

(96)

where

S(t) is given by

(97)

and

Fn = F(nM), Sn = Sn(nM), Gn = ~_ r
nM

(;(t) dl, Hn = H(nM). (98)
t In-l)M

Note that we solve eqn (96) for Tn and thereby eqn (93), followed by (94). We now have
the first set of trial values for 17m ~n and Tn- If the difference ITn - T* I > fJ (where fJ is a
small number), then we set ~*, 17* and T* equal to the newly computed values and then
recalculate a second set of trial values from eqns (96), (93) and (94). This procedure is
repeated until ITn - T*I < fJ; the convergence for~", an and Tn is then achieved. We mention
at this point that while the convergence criterion has been based solely on Tm our numerical
computations confirm excellent simultaneous convergence for ~ and an"
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6.2. Parametric studies
We recall that in Section 5.4 on "The thermomechanical coupling", it was mentioned

that iX, ETc and E depend on the state variables ~ and will follow from the solution of the
problem; the parameters are given in eqn (89) and will be assumed to remain unchanged
in the rest of the parametric study. Thus, the influence of the parameters, 1, 0-(0), ks and J
on f and 0- as a function of t is of interest. While the parametric study will be primarily
based on nondimensional parameters, we shall end with a sample case based on dimensional
parameters in order to get a feel for the physical quantities involved. We note at this point
that the frequency of cycling is dependent on the amount of austenite that is allowed to
form (or the amount of martensite that remains) at the end of the heating cycle. We shall,
thus, introduce the parameter ~res to denote the residual martensite volume fraction at the
end of the heating cycle and assume ~res = 0.8 in the following analysis.

Initially, we shall investigate the influence of the parameters ks and 0-(0); the former
corresponds to the stiffness of the actuator controlled structure and the latter is the initial
stress exerted on the actuator due to an initial structural deformation. We shall fix J = 0.925
and J = 0.125 (the values initially assumed in eqn (90)) and the evolution of f and 0- shall
be studied for a range of k, and 0-(0).

In order to simulate a constant load and a variable load boundary condition, we
consider two different spring stiffnesses, ks = 8.3 X 10- 7 and 2.5 x 10- 2

. Figure 3(a) gives
the nondimensional temperature for both stiffnesses with the same initial nondimensional
stress, 0-(0) = 1.67 X 10- 3 (corresponding to 50 MPa with the dimensional parameters given
in Section 5.4). It is seen from Fig. 3(b) that the nondimensional stress (and by implication,
the dimensional one) does not change during the course of the transformation for the more
compliant spring; the value ofks = 8.3 x 10 -7 is, thus, sufficient to simulate a constant load
boundary condition.

We now return to Fig. 3(a). It is seen that the two curves for f at the two different
spring stiffnesses are virtually indistinguishable up to a certain point, following which these
separate. The onset of the M -+ A transformation is almost identical in both cases. A
slight difference occurs because while both start with an identical stress state, the thermal
expansion of the SMA on heating (and prior to the onset of the M -+ A transformation)
alters the stress state differently in the two cases. However, since the thermal strains are
usually very small, the stress states in both cases are only marginally different. Recalling
that the transformation temperatures are highly sensitive to the magnitude of the uniaxial
stress (increasing with stress and vice-versa), "almost" identical stress states imply "almost"
identical transformation temperatures. This implies that the onset is almost identical in
both cases. However, with the contraction due to phase transformation (substantial in
comparison to the thermal expansion), the subsequent evolution of the stress in the two
cases is substantially different, as is obvious from Fig. 3(b). The increasing stress state in the
stiffer spring raises the transformation finish temperature and, thus, delays the completion of
the transformation, in comparison to the compliant spring; hence with a stiffer spring, the
frequency of cycling will always be lower than the one with a more compliant spring (with
the same initial stress in both cases).

The nondimensional energy output Wact and the energy conversion efficiency 11 defmed
in eqns (81) and (82) are computed at the end of the M -+ A transformation (corresponding
to ~res = 0.8). Their values at various initial stress levels and spring stiffnesses have been
shown in Figs 4(a) and (b) (in these figures. the computed data points have been indicated
with open circles and then connected by straight lines; such a procedure has been also
adopted in Figs 4(c)-(7). It is seen in Fig. 4(a) that at a given initial stress level, an increasing
spring stiffness leads to a greater work output. This can be anticipated. With a higher spring
stiffness, the stress rate will also be higher. Thus, at the end of the transfornmtion, while
identical inelastic strains are recovered in all cases, the stress corresponding to a stiffer
spring will be higher and, thus, will lead to a greater work output. However, the energy
conversion efficiency (see Fig. 4(b)) decreases with a stiffer spring at a given stress level;
this physically happens because with a higher stress rate, the material needs to go to higher
temperatures to complete the transformation leading to the enhanced consumption of
electrical energy. For comparison, we also give the corresponding values of I1carnot' defined
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prior to eqn (72). It is seen that the maximum achievable efficiency is an order ofmagnitude
higher than the real efficiency 11. This implies (see eqn (72)) that the COP of a thermoelectric
heat pump is an order of magnitude less efficient compared to a Carnot thermoelectric heat
pump.

At this point, it is desirable to compare these performance measures to other com­
mercially available actuators. Giurgiutiu et al. (1995) have reported a comparative study
of ferroelectric, electrostrictive and magnetostrictive actuators. The energy output per unit
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volume is the highest for an electrostrictive actuator, Wact = 11.913 J m -3, whereas a
magnetostrictive actuator has the highest reported energy conversion efficiency of
I] = 67.1 %. For the thermoelectric SMA actuator, we find that Wact = 2.884 X 10-5, imply­
ing that Wact = WactEM = 86.52 X 104 J m- 3

, and/] = 1.35%, attainable in a test case
corresponding to the parameters used to generate the full transformation (~rcs = 0) cyclic
response curve (line 2) in Fig. 2. Therefore, the SMA thermoelectric actuator, in comparison
with the actuators studied by Giurgiutiu et al. (1995), has a very high energy output per
unit volume of active material (four orders of magnitude) and a very low energy conversion
efficiency. These results can be anticipated since SMAs have very high recoverable strains
(assumed 8% in our case) compared to about 0.143% for the electrostrictive material [from
Table 3 of Giurgiutiu et al. (1995)] ; thus the specific energy output for the SMA actuator
is expected to be considerably higher. On the other hand, a SMA relies on the conversion
of heat into mechanical energy whereas electrostrictive and magnetostrictive materials
convert electrical and magnetic energies directly into mechanical energy. Thermal energy
being of a lower grade compared to electrical and magnetic energies, the conversion of the
former into useful mechanical work is accomplished with a lower efficiency as compared to
the conversion of the latter.

While it was instructive to compare the energy output and the energy conversion
efficiency of the SMA actuator with that of commercially available actuators, the key issue
for SMA actuators is to address the question of actuator frequency. In the remaining part
of the nondimensional parametric study, we shall confine ourselves to the issue of frequency
response. We, therefore, turn to the nondimensional frequency of actuation, W, depicted in
Fig. 5. If w is the frequency of actuation (number of cycles per second), then
(jj = (Cpd~/Kp)W. It is seen that at both initial stress levels, the frequency decreases with
increasing spring stiffness (this was first noted when discussing Fig. 3(a». In order to get
an idea about the dimensional frequency, we choose a sample case; i.e. ks = 0.025 and
0'(0) = 3.33 X 10-3

, for which (j) = 13.9 from Fig. 5. The corresponding dimensional fre­
quency with the parameters given in Section 5.4 is then 1.3 Hz.

In Fig. 6, we fix 0'(0) = 3.33 X 10- 3 and the ratio d(ks = 5. Bound by this condition,
we study the influence on W due to a change in d and ks . This is done at two different levels
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of the current density, 1. It is seen that a decreasing thickness J (and a consistent change in
kJ, at a given value of the current, J, leads to a higher nondimensional frequency, 0. Now
let us examine the dimensional frequency, (j), for a test case: J = 1.23 and J = 2.5 X 10-3

for which 0 = 102.6, from Fig. 6. With the relevant parameters given in Section 5.4, these
nondimensional quantities translate to (j) = 9.616 Hz at J = 4 Amps mm- 2

, d = 10 J1. It
can, thus, be concluded that very thin SMA actuators have relatively fast response. As an
aside, we note that the two curves intersect each other around J> 0.11. This is because for
thicker SMAs during cooling, the Joule heating begins to dominate over the Peltier effect
when the current density exceeds a certain critical value [Lagoudas and Ding (1995)] ; thus
the cooling rate decreases or the time needed to cool down to a certain temperature
increases and reduces the frequency of actuation. When the SMA thickness is reduced
below J = ~ 0.11, this critical value exceeds the normalized current densities shown in the
figure. Thus, below J = 0.11, (j) increases as J increases from 0.925 to 1.23.

Until now, we have not discussed the influence of material parameters on the frequency.
To be specific, it is well-known that the hysteresis in the stress-free transformation tem­
peratures in a NiTi SMA is highly sensitive to alloying elements [Jackson et al. (1972)] and
thus, is a parameter of interest. The influence of the hysteresis on the frequency is now
studied.

Recall that the hysteresis in the stress-free transformation temperatures is responsible
for the dissipation during a phase transformation in the SMA. In the constitutive theory
for SMAs we have used here, a reference to the work of Boyd and Lagoudas (1995) shows
that the term, Sn d(, represents the cumulative dissipation during the phase transformation
and over a complete cycle of the M ---+ A and A ---+M transformations, it is straightforward
to show from eqn (19) that the net dissipation is 2 Y; Y is, thus, a measure of dissipation. We
shall now establish the link between the parameter Yand the transformation temperature
hysteresis. For simplicity, we assume that the spread between the start and finish tem­
peratures during both transformations is identical, i.e.

A? -A~ = M~ -M? ---+ A~ --M? = A? -M~. (99)

We now define the transformation temperature hysteresis as the parameter
f1TAM = A~-M? = A?-M~, such that A~ = M?+f1TAM and AJ = M~+f1TAM' With
these definitions, we rewrite Y from the second of eqn (AlO) in the Appendix as

(100)

Notice that if f1TAM = 0, then Y = 0; this implies that in absence of hysteresis, the dis­
sipation vanishes. The above equation then links the measure of dissipation to the hysteresis
in the transformation temperatures. With respect to the temperatures in eqn (83), the first
of eqn (99) shows that A? - A~ = M~ - M? = 22°C whereas f1TAM = 28°e from eqn (83).
For the parametric study, we keep the range, A? -A~ = M~ -M? fixed at 22°e,
M~ = 23°e and change the hysteresis f1TAM in the range 20 ~ f1TAM ~ 28 (reducing f1TAM

below 20 raises issues regarding minor loops [Mayergoyz (1991)] and is beyond the scope
of this paper). It is seen from Fig. 7 that a decrease in the hysteresis results in a substantial
increase in frequency. With f1TAM = 20oe, (j) = 143; the corresponding dimensional fre­
quency based on the dimensional parameters in Section 5.4 is (j) = 13.4. If, however, we set
J = 6 Amps mm -2, then we have dp = 1.33 mm. b = w == 2.67 mm, d = 6.67 J1 and the
dimensional frequency becomes (j) = 30.15 Hz; the evolution of the dimensional tem­
perature and stress are shown in Fig. 8.

We now return to eqn (1) where the initial elIects were ignored and the conservation
of linear momentum reduced to the equilibrium equation. We shall provide an estimate of
these effects at the relatively high frequency of ill = 30.15 Hz and show that the assumption
made is indeed a reasonable one for the frequency range considered. To arrive at an estimate
of the order of magnitude, we make the simplifying assumption that the acceleration, a, is
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constant and derive it from the displacement of the surface, x = w/2; thus (1/2)at2 = B(w/2).
The inertial force, Msmaa, has to be compared with the actuation force, a(t)bd. We then
compute the ratio Msmaa/a(t)bd = 4PsmaBW2 w'2a(t) -I at the end of the first half of the first
cycle (during the M ~ A transformation) where the actuation force attains its maximum.
the ratio turns to be 0.87% for the case shown in Fig. 8; neglecting inertial effects, thus
appears to be reasonable.

7. CONCLUSIONS

As a first step towards the design of a high frequency, high force, large strain SMA
actuator, we have modeled in this work a thermoelectrically cooled thin SMA strip exten­
sional actuator. The SMA undergoes cyclic phase transition between the martensitic and
austenitic phases by alternate heating/cooling, achieved with the thermoelectric Peltier
effect of a pair of PIN semiconductors. The effect of variable actuating load and constant
load applied as boundary conditions on the SMA actuator have been considered. The
thermomechanical boundary value problem involves strongly coupled thermal and mech­
anical fields. The evolution equations for the field variables are integrated using the fourth­
order Runge-Kutta method and the coupling between the fields is accounted for by
implementing an iterative scheme. The primary parameters of interest in this work are the
frequency response and evolution of the variable load. The performance of the actuator
is compared with various commercially available actuators based on energy conversion
efficiencies and energy output per unit volume of active material. With reference to Fig. 8,
we conclude that thin layers of SMA about 6 J1 thick, with a low transformation hysteresis
and undergoing partial transformation, are potentially capable of delivering frequencies of
the order of 30 Hz at peak stresses of about 145 MPa.
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APPENDIX

AI. Determination ofmaterial parameters for the Thermodynamic theory
The method of determination of the parameters P,m/'U, P,matiu(~), first used in eqn (13), and Yin eqn (19)

from experiments are given.

Determination ofP,matis. The parameter P,matis can be found by doing an uniaxial tensile test at the onset of
transformation for which ~ = O. From eqn (18), we have

(AI)

where the total uniaxial inelastic strain, H, can be determined from an uniaxial tensile test of the polycrystal.
Assuming that (E;;;' -E';:' )17+ (il~ -a;(') tiT« H, eqn (AI) becomes

In the a-T plane, a locii of points, usually a straight line [McCormick and Liu (1994)], can be identified which
represents the stresses at different temperatures for which the material starts to transform. Denoting the slope
da/dT = D, we have

P,matis = -HD. (A2)

While several mechanical tests are needed to establish the line and, hence, determine D, it is easier to establish its
value from a purely thermal transformation; this is addressed shortly.

Determination of P,matiu(O. P,matiu(O can be determined from a purely thermal transformation, with (1 = 0
and iT = O. The eqn (12) reduces to

(A3)

where during a purely thermal transformation, we define



The parameter ap is
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(M)

~ < 0, (AS)

where ~ = ~o at the onset of transformation. The function peT) is taken to be a normal distribution, given as
[Bhattacharyya and Lagoudas (1995)]

(A6)

where sp is the standard deviation and

The function defined by eqn (A6) satisfies the following condition

f
T

O

p(T)dT= 1.
T,

The temperatures TI and Th are

~ = Mf and Th = M~ for ~ > 0,

and

TI = A~ and Th = A~' for ~ < 0,

where M~ and Mf are the stress-free martensitic start and finish temperatures, A~ and Af are the austenitic start
and finish temperatures. Using the relation ~ = ap(T)t (from eqns (A3) and (A4)), conceptually it is possible to
define T = f(O. Since for a purely thermal transformation, using eqn (A2), eqn (18) reduces to I1 = P,ma­
t!..sT- P,mat!..u(~) = - HDT- p,mat!..u(0, we can write

where eqn (19) has been used. D and Yare determined next. An analytical expression for f(~) is not possible to
derive when peT) is a normal distribution; a numerical procedure is then required to determine f(~) at any
arbitrary (.

Determination ofD andY. For a purely thermal transformation (IT =, °and iT = 0), eqns (16), (18), (A3) and
(A4), give

The total latent heat evolved is defined as

HI = S(-V'q+r-Ct)dt,

where

(A7)

(A8)

(A9)

The parameter H a is the magnitude of the latent heat measured in a differential scanning calorimetric (DSC)
experiment during a A ---> M transformation of a SMA polycrystal in an initially austenitic state (or vice-versa);
we have assumed for simplicity that the latent heat involved is identical for both transformations. Equations
(A7)-(A9) yield
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H [fM' fA
O J- I I [ f"" fA

o JD=-2~ J,,;TP(T)dT- A~'TP(T)dT and Y=2 HD JM;TP(T)dT+ A;TP(T)dT. (A 10)

A2. The parameters G(t), f.l(~, u, T), v,(t), v, and F(t) and the corresponding nondimensional parameters
The parameters needed in eqn (60) are

en {Kp [(m1t)' 2h (I I\J }G(t) = rn~' exp - C
p

d:. + K
p

b+ -;;;) t ,

ddp •

f.l(~,u, T) =-4 Cm ~ = 0,
K p

2hTo (I I)f' 2ppf' ,To hddpTo (I I) pddp 2F(t)=-- -+- G(t-r)dr+-- H(t-r)J(r)'dr+-+-- -+- +-J(t),
Cp b w 0 C, 0 2 2Kp b W 4Kp

en {Kp [((2m-l)1t)' 2h (I I)J}H(t) = L exp - - + - -- + -; t,
rn~ , Cp dp Kp " It

whereas those in eqn (79) are

(c d')-'G(l) = G(t), ji(~, tt, 1) = -:p p f.l(~, u,T), v,(f) = v,(t),

CD' I
v,= :pPv" P(f) = T/'(t), H(f)=H(t).

(All)

(12)


